
THE THERMAL REGIME OF SOLID CONTINUOUS-WAVE LASERS 

B. R. Belos to tski i  

I n z h e n e r n o - F i z i e h e s k i i  Zhurnal ,  Vol. 15, No. 2, pp. 219-227,  1968 

UDO 621.375.9 

A method is presented for the calculation of the temperature field of 
continuous-wave lasers, given constaut thermophysical characteristics 
for the active medium and that these are dependent on temperature. 

We know that a por t ion  of the pumping energy  in a 
l a s e r  is unavoidably d i ss ipa ted  as  heat,  r e su l t i ng  in 
the heat ing of the working subs tance .  The r i s e  in the 
t e m p e r a t u r e  of the working subs tance  leads to a p r o -  
nounced i m p a i r m e n t  of the l a s e r  c h a r a c t e r i s t i c s  [1 -4 ,  
etc. ], and in a n u m b e r  of eases  it leads to the appea r -  
anee  of subs tan t i a l  t he rma l  s t r e s s e s  in the working 
med ium of the l a s e r .  The p rob lem of cooling is t h e r e -  
fore  bas ic  to the design of l a s e r  equipment .  

Let us take the phys ica l  model  of the p roce s s  f rom 
[5], s ince  the p r o c e s s e s  of heat t r a n s f e r  exhibit  con-  
s i de r ab ly  g r e a t e r  i ne r t i a  than the n o n r a d i a t i o n - t r a n s i -  
tion p r o c e s s e s  which cause  the heat ing of the working 
subs tance ;  the l a t t e r  is t rea ted  as a spec imen  with in -  
t e rna l  heat  sources  d i s t r ibu ted  in a specif ic  m a n n e r  
throughout the en t i re  volume.  For  a working subs tance  
in the form of a c i r c u l a r  cy l inder  of r ad ius  R under  
ident ica l  condi t ions  for the cooling of each e l emen t  of 
the s ide su r face  and the t he rma l  insu la t ion  of the ends, 
the p rob lem with r e spee t  to the t e m p e r a t u r e  field is 
fo rmula ted  by the following sys t em of d i f fe rent ia l  equa-  
t ions : 

O0 (rl, Fo) 
Cp, Y1 

OFo  
= div ~,1 grad 0 (rl, Fo) + Ki (rl), (1) 

Fo--O,  O(rl, 0 ) = 0 ,  (2) 
[ oo(,1, Fo ] " 

- x '  L ,,,=, 
= Bi [0 (rb Fo)],,=L, (3) 

% = c.  (0) _- c~ (0), 
% 

X, = X (0 )  = ;~1 (0) ,  ( 4 )  
)v 

YI -- Y (0) _ YI (0). 
Yt 

w If the the rmophys ica l  c h a r a c t e r i s t i c s  a re  inde-  
pendent  of t e m p e r a t u r e ,  the solut ion of s y s t e m  I, given 
the un i fo rm d i s t r ibu t ion  of the heat sou rces  (Ki = 
= const),  is known [6]: 

0 (rl, F o ) =  - - i -  1 + B--T-- ' 

As Fo --~o, (5) changes into a r e l a t ion  which c h a r a c -  
t e r i zes  the t e mpe r a t u r e  d i s t r ibu t ion  in the s t eady- s t a t e  
r e g i m e :  

K i (  2 r~) (6) 0 (r,) = - T  I + ~ - -  

Bearing in mind that the maximum temperature of 
the process, as a rule, is specified in the calculation, 
and that with uniform pumping the maximum tempera- 
ture is developed at the center of the specimen, it 
makes sense to present the dimensionless temperature 
in the form 

T (rl) --  7"i (7) 0 (rl) = 
T(O) - -T  I 

Then (6) is wr i t t en  as 

0 (n)  = 1 r~ (8) 
2 

I+ Bi 
From (6) we draw the obvious conclusion that the 

profile of the temperature field and, consequently, 
the temperature difference A0i, k between any two 
points of the specimen, are independent of the cooling 
conditions and are functions exclusively of the Kirpi- 
chev number Ki. Indeed, 

A 0 ~ =  K i  (r 2 _r~k) .  (9) 
' 4 t,i , 

Consequent ly ,  it  is enough to know the t e m p e r a t u r e  of 
a s ingle  point  of the spec imen  to cons t ruc t  the c r o s s -  
sec t iona l  t e m p e r a t u r e  field. 

We can judge the re l a t ive  nonuni formi ty  of the t e m -  
p e r a t u r e  field f rom the magni tude  of the d imens ion l e s s  
t e m p e r a t u r e  0(rl), which was in t roduced in accordance  
with (7). It is i n t e r e s t i ng  to note that the quanti ty 0(rl) 
is independent  of the pumping level  and is not a s s o c i -  
ated with a specif ic  spec imen .  Th i s  enables  us to 
speak of the t he r ma l  r eg ime  for l a s e r s  in genera l .  
The re la t ionsh ip  between the d imens ion l e s s  t e m p e r a -  
tu re  and the eff ic iency of cooling is shown in Fig. 1. 
The Blot n u m b e r  in specif ic  l a s e r  c i r cu i t s  may va ry  
over  a wide range .  Thus,  under  condi t ions  of water  
cooling for ruby spec imens ,  the Biot number ,  as a 
ru le ,  does not exceed 2, while in the case  of g lass  it 
may go as high as 400. As follows f rom Fig. 1, for 
ruby rods  when Bi = 2 the poss ib i l i t i e s  of dropping the 
t e m p e r a t u r e  level  have by no me a ns  been exhausted,  
and on the bas i s  of these cons ide ra t ions  it is advisable  
in a number  of cases  to r e s o r t  to cooling by means  of 
a flow of low-boi l ing  l iquids (ni trogen,  oxygen, Freon) .  
For  g lass  m a t e r i a l s ,  the ava i lab le  approaches  under  
condi t ions  of water  cooling when Bi > 20 make rio sense  
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Fig.  1. Effect  of e f f i c i en -  
cy of cool ing  s y s t e m  on 
t h e r m a l  r e g i m e  of w o r k -  
ing s u b s t a n c e :  1) Bi = 
=0 .01 ;  2) 01; 3) 1; 4) 10; 

5) 20; 6) 100; 7) ~. 

(0(1) < 0.1). Th is  l a s t  s t a t e m e n t  is e x t r e m e l y  i m p o r -  
tant,  since it excludes--for glass materials--the 
possibility of constructing cooling systems designed 
for large liquid flow rates, high pressures, elevated 
requirements imposed on hose strength, on packing 
glands, etc., and it also excludes the possibility of 
turning to cooling systems based on low-boiling liquids. 

When the maximum temperature difference ATmax 
between the center and the surface of the working sub- 
stance is specified, we draw analogous conclusions on 
examination of the relationship which follows from (6): 

O' 2 (10) 
Bi  

where 

9 ' =  T(1) - - T s  (11) 

The  m a x i m u m  t e m p e r a t u r e  and the m a x i m u m  d i f -  
f e r e n c e  in t e m p e r a t u r e s  be tween  the c e n t e r  and the 
s u r f a c e  of the l a s e r  r o d  can be d e t e r m i n e d  if we know 
the t e m p e r a t u r e  at which the l a s e r  o p e r a t i o n  is s t i l l  
p o s s i b l e .  S t r i c t e r  l i m i t a t i o n s  on the magni tude  of 
A T m a x  wil l  ensue  f r o m  the r e q u i r e m e n t  for  g r e a t e r  
e f f ic iency ,  g r e a t e r  m o n o c h r o m a t i c i t y ,  lower  t h r e s h -  
old  pumping  power ,  p r e s e r v a t i o n  of op t ica l  u n i f o r m i t y  
a s s o c i a t e d  with the t e m p e r a t u r e  g rad i en t ,  and the r e -  
q u i r e m e n t s  with r e s p e c t  to the t h e r m a l  s t a b i l i t y  of the  
m a t e r i a l ,  e tc .  

Thus ,  the ca l cu l a t i on  of the t h e r m a l  r e g i m e  for  a 
con t inuous -wave  l a s e r  involves  a n a l y s i s  of (6)-(11) .  
One of these  may  be a t e s t  equa t ion - - fo r  example ,  
f o r m u l a  (9)-- to coo rd ina t e  the r e q u i r e m e n t s  with r e -  
s p e c t  to m a t e r i a l  t h e r m a l  s t ab i l i t y .  

w The  p u m p i n g - e n e r g y  a b s o r p t i o n  dens i t y  through 
the vo lume of the subs t ance  is  not g e n e r a l l y  cons tan t .  
However ,  in the t h e r m a l  ca l cu la t ions  th is  fact ,  a s  a 
ru le ,  is  not c o n s i d e r e d .  In t roduc t ion  of c o r r e c t i o n  f a c -  
t o r s  for  the a s s u m p t i o n  of un i fo rmi ty  f r equen t ly  m a r k -  
ed ly  a l t e r s  the r e s u l t s  d e r i v e d  on the b a s i s  of the 
f o r m u l a s  c i t ed  above.  We wil l  p r e s e n t  the f i e ld  fo r  the 
d i s t r i b u t i o n  of the dens i ty  q(rI) of the a b s o r b e d  p u m p -  
ing ene rgy  by m e a n s  of a po lynomia l  in even p o w e r s  of 
r l  

t 

q (rx) = Z ( - -  1)I+I air{(Z-;) (12) 
l = !  

o r  in d i m e n s i o n l e s s  f o r m  

Ki (q) = ~ (-- 1) ~+' Ki i r](i-1). (13) 
i = l  

The p r o b l e m  in this  c a se  is  f o r m u l a t e d  by a s y s t e m  
of equat ions  analogous  to s y s t e m  I. We wil l  obta in  the 
so lu t ion  of this  s y s t e m  for  Ki = Ki(r , )  in a f o rm  s i m i -  
l a r  to (5). F o r  this  we wil l  p r e s e n t  the g e n e r a l  s o l u -  
t ion of the p r o b l e m  as the sum of the so lu t ions  for  two 
s p e c i a l  p r o b l e m s :  the s t e a d y - s t a t e  r e g i m e  in the c a s e  
of nonuni form pumping  V(rl)  and the n o n - s t e a d y - s t a t e  
r e g i m e  when the re  a r e  no hea t  s o u r c e s  U(r l ,  Fo).  It is  
not d i f f icu l t  to d e r i v e  the a na ly t i c a l  e x p r e s s i o n  V(r,) 
in the form 

i 

V(rO= Z(--1)e+l Ki' ( I + 2i " 4t "~ --BT . (14, 
i = 1  

The solution for U(rl, Fo) is known [6]: 

2 
U (q, Fo) --  V 2Jo (9~ q) exP ( - -  9n Fo! 

! 

x ~ rtV (q) Jo (lx,~ q) dq. 
lJ 

, 0  

(15) 

The general solution for the problem is obtained by 
subs t i t u t ing  (14) into (15): 

i 

= V + 

+ V ,  ( - 1 )  "1 rl) exp ( -  
,=~,,=1 2~t. [Jg (1~.) -t- J~ (~.)] • 

! 

Ki~ 14- 2i ' • r, 7~ ( Bi--r]')Jo([xnr,)drt. (16) 
0 

A s s u m i n g  i = 1, we change the l a s t  e x p r e s s i o n  into 
(5). W h e n i = 2 ,  we have 

8 (q, Vo) = - 7  ~;i~ 1 + ~ - r~ 

4 ) 
- 5g  , 

sJ  Ix,, 

�9 ) x ( 1 2 4 exp(-- ~ F o ) .  (17) 
, Bi ~ 

Having determined the gradient for the temperature 
field (16) in the steady-state regime, as in the case of 
uniform pumping, we prove to our satisfaction that the 
profile for the temperature field--given nonuniform 
density of pumping-energy absorption--is independent 
of the efficiency of the method by means of which the 
heat is removed. On the basis of temperature mea- 
surements at a single point of the specimen, this fact 
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Fig. 2. Effect of nonuni formi ty  of pumping energy 
absorp t ion  field on the value of t e m p e r a t u r e  drop 
between the cen t e r  and the su r face  of the working 
subs tance  ( f r a c t i o n s / , ~ u n i  - ~ m a x , :  1) for a2 > 0; 2) for 

a 2 < 0. 

a lso  enables  us to r ep roduce  the en t i r e  t e m p e r a t u r e  
profi le �9 

We will  p r e s e n t  the m a x i m u m  t e m p e r a t u r e  d i f fe r -  
ence  (in d i m e n s i o n l e s s  form),  i . e . ,  the t e m p e r a t u r e  
d i f fe rence  ^oou t  between the cen t e r  of the spec imen  - a v m a  x 

and i ts  sur face ,  in the form of the following sum:  

a ~ O U t  __ uni  
~max"-" a 0 m a x - ~  ~, ( 1 8 )  

where  Aauni  = Ki /4  is the m a x i m u m  t e m p e r a t u r e  dif-  ~ v m a  X 
f e rence  for un i fo rm heat  r e l ea se ;  

i 

i=l 

is the Kirpichev number which corresponds to the 
volume-averaged density of heat sources; [ is the cor- 
rection factor to account for the nonuniformity in the 
distribution of the pumping through the volume of the 
specimen, and this factor is determined from the re- 
lationship 

F r o m  (18) we can  c a l c u l a t e  the  m a g n i t u d e  of  the  m a x i -  
m u m  t e m p e r a t u r e  grad ien t  developed in the act ive 
s p e c i m e n  and we can de t e rmine  the magni tude  of the 
c o r r e c t i o n  factor  ~ which should be in t roduced into the 
ca lcu la t ion  to account  for the nonuni formi ty  in the field 
of p u m p i n g - e n e r g y  absorpt ion .  

F igure  2 shows the t e m p e r a t u r e  d i f fe rence  between 
the cen te r  and the su r face  for the case  i = 2 in f rac t ions  

of A0m~laix for var ious  degrees  of nonuni formi ty  in the 
field of pumping -ene rgy  absorpt ion .  We can judge the 
nonuni fo rmi ty  of the field of pumping -ene rgy  abso rp -  
t ion f rom the fact that q9 = a l / a 2 .  When a 2 > 0, the 
p u m p i n g - e n e r g y  densi ty  i n c r e a s e s  toward the center �9  
The index of t e m p e r a t u r e - f i e l d  nonuni formi ty  l ies  in 
the r ange  (1; oo) : a l / a  2 = oo cor re sponds  to a un i fo rm 
p u m p i n g - e n e r g y  absorp t ion  densi ty;  a l / a  z -- 1 is the 
m a x i m u m  poss ib le  nonuni formi ty  (the sur face  of sub-  
s t ance  does not absorb  the pumping)�9 As follows f rom 
Fig. 2 (curve 1), the d i f ference  in t e m p e r a t u r e s  be -  
tween the cen te r  and the su r face  for a l / a  2 = 1 exceeds 
the co r r e spond ing  t e m p e r a t u r e  d i f ference  for un i fo rm 
pumping by a factor  of 1.5. 

When az < 0, the dens i ty  of the absorbed  pumping 
energy  d imin i shes  toward the cen te r .  The index of non-  
un i fo rmi ty  for the t e m p e r a t u r e  field may vary  in the 
range  (0; oo) : a J a z  = oo is a un i fo rm absorp t ion  field; 
a l / a o  = 0 is the m a x i m u m  nonuni formi ty  (the pumping 
energy does not r each  the center ) .  When a l / a z  = 0, the 
magni tude  of the c o r r e c t i o n  factor  [ a t ta ins  i ts  m a x i -  
m u m  value and is equal to 0.5, but its s ign is opposite 
to that of the case  in which a2 > 0 (Fig. 2, cu rve  2). 

Thus,  when a 2 > 0 the nonuni formi ty  is aggravated,  
and when a2 < 0 the nonuni formi ty  of the t e m p e r a t u r e  
field is reduced in the s t eady- s t a t e  r e g i me .  The v a r i -  
at ions in the t e m p e r a t u r e  d i f ference  between the cen -  
t e r  and the spec imen  sur face  l ies  in the range  +1 5A0U-U- hi. �9 llI~t2k" 
In the laser variants which are possible in practical 
terms, the nonuniformity q~ > 5, so that we can take a 
uniform field of pumping-energy absorption as the in- 
itial field (with an accuracy of up to 5%) in calculations 
for the steady-state thermal regime of the specimen. 

The su r face  t e m p e r a t u r e  for the working substm~ce 
is de t e rmined  f rom (15): 

Ki 
0 ( I ) - -  2 B i  " (20)  

As we can see,  the su r face  t e m p e r a t u r e  of the body is 
independent  of the degree  of nonuni formi ty  for the field 
of absorbed  pumping radia t ion ,  which should be in ac-  
cord  with the defini t ion of the s t eady - s t a t e  r eg ime .  

The effect of absorp t ion  nonuni formi ty  on the m a x i -  
m u m  t e m p e r a t u r e  developed at the rod axis can be 
t raced  in the equat ion 

t 

-~176176 = I - '=~  ( 2 ~ )  

~  1 = 

Table 1 

Effect of the Nonuni formi ty  of the Fie ld  of P u m p i n g - e n e r g y  
a l / a z  on the Ratio 0~ for Var ious  Values of 

Bi(i = 2, a2 > 0) 

atia~ 

BI 
1 1 25 2 5 10 15 

0.01 
0,I 
I0  

I0,0 
IO0-O 

1,002 
1,024 
1,167 
1,417 
1.490 
1 500 

1,001 
1.016 
I.III 
1.277 
1,326 
1,333 

1,001 
1,008 
1,055 
1,138 
1.163 
1,167 

1,000 
1,003 
1,018 
1.046 
1.054 
1.056 

1.000 
l_0Ol 
1o009 
1,022 
1,026 
1o026 

110o0 
1 ~001 
1.006 
1.014 
1.017 
1,017 
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Table 2 

Effect of Nonuniformity in the Field of Pumping-energy 

Absorption al/a2 on the Ratio.0out(0)/0uni(0) for Various 

Values of Bi(i = 2, a2 < 0) 

aUa. 

0 0 1 0 ,25  0~5 1 2 5 10 15 

0.01 
0.1 
lO 

10-0 
lOO 0 

0o 

0 997 
0 - 976 
0.833 
0.583 
0-510 
0,500 

0 998 
0. 980 
0-861 
0,653 
0. 592 
0 ..583 

0.998 
0,984 
0 -888 
O. 722 
0.673 
0 ~667 

0.999 
O. 988 
0 917 
O. 792 
0.755 
0 ..750 

0.999 
0.992 
0 944 
0,861 
O, 837 
0:833 

I 000 
.995 

0.967 
0,917 
O. 902 
0,9 

I 000 
0.998 
0.985 
0. 962 
0 955 
0:955 

1,000 I 1,000 
0.999 0..999 
0.992 0.995 
0 980 0. 987 
0.977 0,984 
0,976 0,984 

In Table  1 (az>0)  and in Table  2 (a z<0)  for  the 

c a s e  i = 2 we p r e s e n t  the r e s u l t s  f r o m  a n u m e r i c a l  
eva lua t ion  of the r a t io  0~ for  va r i ous  v a l -  
ues  of the nonuni formi ty  (p and for  va r i ous  Biot  num-  

b e r s .  
It is na tu ra l  that  the r e s u l t s  shown g raph ica l ly  in 

Fig.  2 mus t  be t r e a t ed  as l imi t  va lues  for  the ra t io  
0out(0)/ouni(0),  i . e . ,  as B i - - 0 %  

As fol lows f r o m  the tables ,  the t e m p e r a t u r e  at the 
c e n t e r  may va ry  subs tan t ia l ly  as a function of pumping-  
f ie ld  p rof i l e .  However ,  unde r  actual  condi t ions ,  when 

q) > 5, we a r e  quite  jus t i f ied  in a s s u m i n g  fo r  the c a l c u -  
la t ions  that the pumping f ie ld  is un i fo rm.  Thus,  for  a 
ruby whenBi_<  2, a2>0 ,  a n d i = 2 ,  the e r r o r  of such 
an approx ima t ion  is l e s s  than 3.7%. 

w The fo rego ing  is in need of r e f i n e m e n t  for  the 
c a s e  in which the t h e r m o p h y s i c a l  c h a r a c t e r i s t i c s  of 
the working subs tance  a r e  funct ions of t e m p e r a t u r e ~  
The diff icul ty of dea l ing  with this p r o b l e m  is a s s o c i -  
ated with the nonl inear i ty  of s y s t e m  I. 

The d i f fe ren t i a l  hea t -conduc t ion  equat ion for  the 

s t e a d y - s t a t e  r e g i m e  can be l i n e a r i z e d  fo r  the new v a r i -  
able  0f, which is in t roduced  on the bas i s  of the fo l low-  
ing r e l a t i onsh ip :  

0 l 
~ =-~.  X~(O)dO, ~-, = X,(0)dO. (22) 

0 0 

F u r t h e r ,  bea r ing  in mind that 

X~(O) ----- 1 + kx, 0 q - k x O  ~ + ... (23) 

can be r e p l a c e d  by the approx imat ion  

~,~(0) = 1 + krO, (24) 

whe re  the coe f f i c i en t  kx is  found f r o m  the v a r i a t i o n  of 
(24) for  the s t andard  devia t ion,  the r e l a t i onsh ip  be -  
tween 0 and Of is eas i ly  e s t ab l i shed  in the f o r m  

1 ( C I  + 2 k ~ , O ~  --1). (25) 
O =  k-~- 

The nonl inear i ty  of the boundary condi t ion of the 

th i rd  kind is e l imina t ed  by the in t roduct ion  of the  coe f -  
f i c ien t  e acco rd ing  to the r e l a t ion  

1 
8 =  

kx (26) 1 + -~-0 (1) 
and its subsequent  r e p l a c e m e n t  by the a p p r o x i m a t e  
value  

~-= 1 k~ (27) 
4 

Transformed system I for the steady-state regime 

has the form 

[ 1 d [ r dOf(rl)  ]_t_Ki [ Z T,L J :(r,)=0, (2s) 

II _ [ d6r(r , )  ] = Bie-[0r (r~)b,=,, (29) 
k dr1 / , ,= '  

] [ d Of' (rl) ] 
L--dr-;/--j, ,=0 = o. (30) 

The solut ion of s y s t e m  II is known and has a f o r m  anal -  
ogous to (14). With cons ide ra t i on  of (25), we find our 

answer as 
1 0 (rl) = -- 
kx 

i = l  

- i). (31) 

If we expand the radlcand in series and limit ourselves 

to the first two terms, (31) changes to the following: 

= E (-1),+, l + =2' (321 
i= l  48 ~ eBi 

A s s u m i n g  in the l a t t e r  that e = 1, we de r ive  f o r mu la  
(14). 

As fol lows f r o m  (32), we can a s s u m e  in approx i -  
m a t e  t e r m s  as be fo re  that the t e m p e r a t u r e  p ro f i l e  is 
independent  of the cool ing condi t ions ,  and al l  of our  
cons ide ra t i ons  with r e g a r d  to the ef fec t  of nonuniform 
dens i ty  of absorbed  pumping energy  r e m a i n  val id.  

g 

Lz 

I 

/ 

~ . - -  3 

O.d~ 0,? ~24 ~28 8_8 0 

Fig. 3. Coefficient ~ versus temperature for a num- 
ber of active materials: i) ruby, temperature range 

200-300 ~ K; 2)ruby, 300-400; 3)CaWOt, 200-300; 
4) neodymium glass, 200-300. 
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Having a p p r o x i m a t e d  the r e s u l t s  f r o m  the s tudy  of 
the t h e r m a l  conduc t iv i ty  as  a funct ion of t e m p e r a t u r e  
in the r a n g e  200-300~ K for  such ac t ive  subs t ances  as  
neodymium g l a s s  [7], ruby ,  and c a l c i u m  tungs ta te  [8], 
a c t i v a t e d  by Nd +3 ions by the a b o v e - d e s c r i b e d  method,  
fo r  the ruby  we find k~t = - 0 . 4 6 ,  fo r  the c a l c i u m  tung-  
s t a t e  we find kx = -0 .083 ,  and for  the g l a s s  we find 
kx = 0.22. The  e r r o r  in t roduced  into the ca l cu l a t i on  in 
the d e r i v a t i o n  of (27), and the a d v i s a b i l i t y  of c o r r e c t -  
ing the  r e s u l t s  th rough  c o n s i d e r a t i o n  of the r e l a t i o n -  
sh ip  be tween  the t h e r m o p h y s i c a l  c h a r a c t e r i s t i c s  of the 
ac t i ve  subs t ance  and the t e m p e r a t u r e  both fol low f r o m  
the g r a p h  shown in Fig .  3. The a v e r a g i n g  of e for  the  

c a l c i u m  tungs ta te  is  qui te  p e r m i s s i b l e .  In the c a s e  o f  
the  ruby ,  such  a v e r a g i n g  may  y ie ld  p e r c e p t i b l e  e r r o r .  
However ,  under  ac tua l  condi t ions  the ruby  r o d s  o p e r -  
a te  under  condi t ions  only s l igh t ly  ho t t e r  than the c o o l -  
ing m e d i u m ,  and i t  is  t h e r e f o r e  not a d v i s a b l e  to 
c o n s i d e r  the  r e l a t i o n s h i p  be tween  the t h e r m o p h y s i c a l  
c h a r a c t e r i s t i c s  and the t e m p e r a t u r e .  F o r  example ,  if 
the o v e r h e a t i n g  does  not exceed  20 ~ , in the t e m p e r a -  
t u r e  r a n g e  300-400 ~ K (see  Fig .  3, c u r v e  2, 0 = 0.2) 
for  the ruby  the a v e r a g i n g  e r r o r  with r e s p e c t  to e i s  
l e s s  than 2.5%. 

Since in the t e m p e r a t u r e  r eg ion  above 20 ~ K, for  
the work ing  s u b s t a n c e s  with the excep t ion  of g l a s s ,  the 
quant i ty  k~t is  nega t ive ,  and this  c a u s e s  the r e s u l t s  of 
the t h e r m a l - r e g i m e  ca l cu l a t i ons  fo r  the s p e c i m e n s  to 
be s l i gh t ly  e x a g g e r a t e d .  I t  i s  t h e r e f o r e  n e c e s s a r y  to 
take  into c o n s i d e r a t i o n  the v a r i a b i l i t y  in the coef f i c ien t  
of t h e r m a l  conduct iv i ty  only for  o p e r a t i n g  t e m p e r a t u r e s  
be low 100 ~ K in the ca se  of the ruby  and c a l c i u m  tung-  
s t a t e ,  s i nce  i t  is  h e r e  that  the t h e r m a l  conduc t iv i ty  
exh ib i t s  a s h a r p  r i s e .  F o r  neodymium g l a s s e s ,  with 
t e m p e r a t u r e s  s u b s t a n t i a l l y  in e x c e s s  of the cool ing  
m ed ium,  we a l so  r e q u i r e  r e f i n e m e n t .  The r e s u l t s  can 
be c o r r e c t e d  by s u c c e s s i v e  a p p r o x i m a t i o n  with f o r m u -  
la  (32). F o r  v e r y  l a r g e  Bi > 100, i . e . ,  when the s u r -  
f ace  t e m p e r a t u r e  is  v i r t u a l l y  co inc iden t  with the 
t e m p e r a t u r e  of the cool ing  m e d i u m  (boundary  cond i -  
t ions  of the I - s t  kind), (32) changes  into the exac t  s o l -  
ut ion of the non l inea r  s y s t e m  I: 

0 (a) 

l+k  (_l)Z§ 
i ~ l  

w The a b o v e - d e r i v e d  conc lus ions  can  be used  in 
c e r t a i n  c a s e s  for  the deve lopmen t  of p u l s e  l a s e r s .  

H e r e  the b a s i c  ca l cu l a t i ona l  r e l a t i o n s h i p  (6) should be 
used  i n  the f o r m  

Op~ ( 2 - - r ~ )  (34) o(r~)= 4-~[ 1 + - ~ -  

w h e r e  0pul is  the change in the v o l u m e •  t e m -  
p e r a t u r e  of the work ing  subs t ance  dur ing  the pumping  
pe r i od .  

Re su l t s  f r o m  the c o m p a r i s o n  of r e l a t i o n s h i p  (34) 
with the f o r m u l a s  for  the ca l cu la t ion  of the t e m p e r a -  
t u r e  f ie ld  of the work ing  subs t ance  in the p u l s e  l a s e r  
fo r  the end of the c y c l e  Fo = Foc show [5] that  the r e l -  
a t ive  e r r o r  in the c a l c u l a t i ons  of the t e m p e r a t u r e s  for  
the c e n t e r  of the work ing  subs t ance  does  not exceed  
10% when Foc < 0.5 for  va lues  of Bi - 100. In c o m p a r -  
i son  with the cen t e r  of the work ing  subs t ance ,  the 
r e l a t i v e  e r r o r  in the d e t e r m i n a t i o n  of i ts  s u r f a c e  
t e m p e r a t u r e  is  somewha t  h ighe r .  As Foc and Bi d i m -  
in ish ,  the e r r o r s  a l so  b e c o m e  s m a l l e r .  

NOTATION 

T e is  the t ime  be tween  pumping pu l ses ;  Bi is  the 
Blot  number ;  Fo is the F o u r i e r  number ;  Ki is  the K i r -  
p ichev  number .  Other  nota t ions  a r e  taken  f rom [6]. 
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